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Abstract
We discuss the Euler approach to the construction and investigation of
the superintegrable systems with additional quadratic and cubic integrals of
motions.
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1. Introduction

The story began in 1761 when Euler investigated equations
dx; " dx;
VP& VP(x)
where P is an arbitrary quartic. Solving this problem Euler found additional algebraic integrals
of these equations and proposed an algebraic construction of the corresponding classical
trajectories of motion without any integration and inversion of the Abel map [6].

The Euler results were generalized by Abel, Jacobi, Lagrange, Weierstrass and many
other. Here we mention works of Richelot [11] and Weierstrass [16], who found generating
function of additional integrals of motion in the n-dimensional case.

The main aim of this paper is to discuss this oldest but almost completely forgotten in
modern literature Euler’s approach to the construction and investigations of the superintegrable
systems.

s

2. The Euler results

The first demonstration of the existence of an addition theorem for elliptic functions is due to
Euler [6], who showed that the differential relation
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connecting the most general quartic function of a variable x
X = ax* +4bx> + 6¢x? + 4dx + e 2.2)

and the same function Y of another variable y, leads to an algebraical relation between x and
y, X and Y:

2
(@%f) =a(x+y)* +4b(x +y) + C,

where C is an arbitrary constant of integration. This algebraic relation when rationalized leads
to a symmetrical biquadratic form of x and y,

F(x,y) = ax’y? +2bxy(x + y) +c(x* +4xy + y?) +2d(x + y) + e = 0, 2.3)

which defines the conic section on the plane (x, y), which will then be the classical trajectory
of motion in the configurational space.

According to [2] we could replace the constant C in the Euler integral relation by 4c¢ + 4s,
where

P ) —VEVY (VXYY at+y)?
5= 2(x — y)? T4 x—y 4

—bx+y)—c 2.4)

is the famous algebraic Euler integral. Treating s as a function of the independent variables x
and y, one gets the following addition theorem:

dx dy ds

i S (2.5)
VX VY VS
Of course, the Euler addition theorem is a very special case of the Abel theorem [2].
The polynomial S in (2.5) may be defined in the algebraic form
Yix + )V X — X1y + X2)VY
JS = (Y1x + Y2)vVX — ( 31)’ 2)\/_’ 2.6)
(x—y)
where
X = (ax3+3bx2+3cx+d), X> =bx>+3cx?+3dx +e
and similar to Y », or in the Weierstrass form
S =45 — g5 — g3, @7
where
g =ae —4bd + 3¢2, g3 = ace +2bcd — ad® — eb* — &3 (2.8)
are the quadrivariant and cubicvariant of the quartic X [1], respectively.
Changing the sign of /Y, we find that
F(x,y)+vXVY
§ = (x,y) VXY (2.9)
2(x —y)?
leads to another differential relation
d d d
B S B (2.10)
VX VY VS

A more elegant expression can be given to these relations if we follow Klein [2] in employing
the homogeneous variables x; » and y; », by writing x; /x; for x and y;/y, for y.

2
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In the generic case the differential equations

Zn:xl{(dx"—o k=01, ...n-2
P \/Yl_ ) — Yy, Ly eeey 5

connecting polynomials
2n—1

2n
Xi = dopX; +a2n_1xi +---+ax; +ao,

of variables x; have the following additional integral,

n 2 2
VX 1 1 1 1

s=x12...xfl 22—1 —ay|—+-+—)—a|—+--+— ],
— X F’(x;) X1 Xy X1 Xy,

where F(x) = [[(x — x;) [11]. Atn = 2 this integral is related to the Euler integral (2.4),
see [11]. Moreover, at n > 2 we can get a whole family of such functionally independent
additional integrals [11, 16].

3. Classification of Euler superintegrable systems

In order to use the Euler addition theorems (2.5) and (2.10) for the construction of the
superintegrable Stédckel systems we have to start with the genus-one hyperelliptic curve

w?> =P, where P(x) = X,
and a pair of arbitrary substitutions
A =v;(q;) wi =uj(qj)pj, j=12,

where p and ¢ are canonical variables {p;, ¢;} = §;;.
This hyperelliptic curve and substitutions give us a pair of the separated relations

piui(q;) = avj(g;)* +4bv(q;)’ +6cv;(q;)* +4dv;(q)) +e, i=12, 3.1

where coefficients a, b, ¢, d and e of the quartic X (2.2) are linear functions of integrals of
motion Hj :

a=o H +aH, +«, b=pBH +BH,+p8,..., e=¢ H +eH, +e.

The separated relations (3.1) coincide with the Jacobi relations for the uniform Stickel systems
[12-14]

2

pi= | > HS+U;@)), 3.2)
k=1

where S is the so-called Stickel matrix and U; is the Stickel potential:
S,‘j = M;z(aﬂ)? +4,3,‘U? +6)/l'1)12< +45,'Uj + 6,‘), I j =1,2.
U; = u;z(av? +4Bv] + 6yv§ +48v; +€).

Solving these separated relations (3.1)—(3.2) with respect to H; ; one gets a pair of the Stickel
integrals of motion in the involution

2
He =Y (S"Yu(p] - Uig))), k=12, (3.3)
j=1
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and angle variables

2 2
1 Si;idg; 1 S dg;
w; = E E / J qj = E E / J qJ (34)
N j X 2
J=1 J=1 \/Zk:l

P HSkj+Uj(g;)
canonically conjugated with the action variables Hj »,
{H1, Hy} = {01, w2} =0, {H;, wj} = &;j. (3.5)

In the generic case the action variables (3.4) are the sum of the multi-valued functions.
However, if we are able to apply some addition theorem to the calculation of w;,
1 1@ 8§ (A)dr 1 29 S)dr 1 [ ds
O R T A bt 2
then one could get additional single-valued integrals of motion s and S:
{Hi,on} =0 = ({H,s}={H,S}=0.

Of course, opportunity to apply some addition theorem to the computation of the angle variable
w; and of the additional single-valued integrals of motion s, S leads to some restrictions on
our quartic P()) and substitutions A; = v;(g;)u; = u;(q;)p;.

For instance, if we want to use the Euler addition theorems (2.5) and (2.10) we have to

put
Su(d) =1, S»n() = +£1,
such that S;;(¢) was defined by (3.2) and
Sij(q) = %Szj(}»)
these restrictions are equivalent to the following equations
/cjujv} :azvj+4,82v;+6yzvi+482vj+62, k1=1, Kky==£l, (3.6)
on functions u(g), v(g) and coefficients «y, B, . . ., €; of the quartic, because we have to solve

these equations in some fixed functional space [15].
It is easy to prove that there are five monomial solutions

| u_,-:l, Vi =(j, 62#0
461!

I u=gqj, vi=q; . 8, #0,

III u; =1, v; = q‘;l, 2 #0 3.7

IV uj=q; v =4q;" B2 # 0,

A\ uj:qj_z, vj:qj_l, oy #0
up to canonical transformations of the separated variables (p;, g;) and transformations of
integrals of motion H; — o H; + p. Here notations o # 0, B> # 0, ..., mean that other

parameters are equal to zero.
If we suppose that after some point transformation

x =z1(q), y = 22(9),
Px = wW11(@) p1 + W12(q) p2, (3.8)

py = Wa1(q) p1 + W22(q) p2,
with wj; # 0, the kinetic part of the Hamilton function H; = T + V has a special form

T =Y (Sp}=gnx y)p; +enx. Y)pepy +enlx, y)pi, (3.9)
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where g is some fixed metric on a configurational manifold, then one gets some additional
restrictions on the coefficients of the quartic P ().
For instance, if we consider superintegrable systems on a complex Euclidean space E»(C),

T =Y (S;p}=pupy.
then one gets the following algebraic equations,
wiwar = (S” D, WiaWar + Wiiwa =0, wiwa = (8D (3.10)
and the partial differential equations

x,px} =y, py} =1, {px, v} ={py, x} ={px, py} =0, (3.11)

on coefficients oy, ..., €; of the quartic and functions z;2(q1, g2), W; (g1, g2). The passage
from the conformal coordinate system (x, y) to another coordinate system on the plain can be
realized by using the Beltrami partial differential equations.

The remaining free parameters ¢, ..., € determine potential part of the Hamiltonian
V(x, y). In fact, since integrals H,, are defined up to the trivial shifts Hy — H + px, our
potential V (x, y) depends on three arbitrary parameters only.

Summing up, we have proved that the classification of Euler superintegrable systems on
the plain is equivalent to the solution of equations (3.6), (3.10) and (3.11). For all the possible
solutions the classical trajectory of motion is given by

F(vi1(q1), v2(q2)) =0,
see (2.3). Additional quadratic in momenta integral of motion looks like

F(v1, v2) — prui pausr
2(vy — vp)?

see (2.4) and the additional cubic in momenta integral of motion is equal to

K3 = /S = /453 — gos — g3,

see (2.6) and (2.7).

Kry=s+c=

3.1. Examples
Let us find all Euler superintegrable systems on a complex Euclidean space E,(C) i,
Hy = pxpy+V(x,y) (3.12)

with the real potentials V. Solving equations (3.6), (3.10) and (3.11) one gets the following
five superintegrable potentials:

Vi=a@+y)+B0y+30x 4 yx 2,
Va=oay(x+y7) +Bx +3y) +yy,
Y
Vi = 3 3 T N\
3 =alx +3y)( x"')’)"‘ﬂ(x"'Y)"'(x_y)z (3.13)

Vi =axy = By~? —yay,

24 P + Y .

xz X3y —1 xV2/y—1

Recall implicitly that all these systems have been found by Euler in 1761 [6]. Potentials V; and

V3 in explicit form have been found by Drach [5] in the (£) and (g) cases, whereas potentials
V3, V4 and Vs may be found in [9] in the E o, Eg and E ;7 cases, respectively.

Vs =
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The first and fifth solutions (3.7) of the equations (3.6) are related to potentials V; 5. The
second and fourth solutions give us potential V3, whereas the third solution yields potentials
V4 5. Below we present some details of the calculations.

Case 1. If we take first solution from (3.7)
wj=%l,  vi=%q;, = pi=P@q).  (=p)’=P(q)
and quartic
Aoy 3 2
P = —5/\ +2807 + HIA" 4+ 2y ) + Hy,
then the Stickel integrals are equal to

pr—p} a(qgi+q3) 2B(q}—qiqa+q3)+2y

=gt 2 01 — 2 ’
o, = P Pia  edis | QP0g2+2V)qgz
a — 4@ 2 a1 —q
whereas the second action variable looks like
1 9 dx 1 —q2 dy 1 S ds
wy = — — —

) w7l ATl
Using the addition theorem (2.10) we are able to get additional quadratic integral of motion

1 P11+ P2 2 1 1
Khr=s4+¢c=-| ——= + — — 2 — — —
2=s+e=7 (ql +q2> 8a(q1 q2) 2/3(611 q2)

and additional cubic integral of motion (2.6)

+ po)? - - - +
K3:ﬁ:_(p1 ) (1192 — p2q1) (g1 — g2)(p1g2 — p2q1) | Y (p1+p2)

2(q1 +42)*(q1 — q2) 4(q1 +q2) 2(q7 — 43)
B B(p193 — 2p1q142 — 2p2q142 + P247)
2(at - 43)
After the following change of variables,
.= (1 — q2)* o B @+ q)? _pitp
—4 > Px P1— pP291 — 42, —2 , Py @ +q2’
(3.14)
we obtain the Stidckel integrals
BGBx+y) v
H =ppytax+y)+ ————+ —,
1= pePytalx+y) NG NG
ax =y B —y)* yx—y)

Hy = (px = py)(peX = pyy) = ——F—— = NS + N
the Euler integrals

p2 oax
K2=s+c=7y+7+,8\/)_c,

5 (3.15)

Py(Px =Py a(py = py)x  BQ2pix =3pyx+pyy) | ypy
Ky=+/S= + + +
4 2 4x 4%

and the following equation for the corresponding classical trajectory of motion:

2
F(x,y>=(x—%)H1+H2—%—mmx—w—zw}:o.
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The same system may be obtained by using fifth substitution from (3.7).

Case 2. Using the same first solution (3.7) and another quartic

PO = —%)\4 TE %)\2 + Hi\+ H

after the following change of coordinates,

x_(q1+qz)2 P+, G- o
== Px = P y="—75 Py = P1— D2,
we can get the superintegrable Stickel system

Hi = pypy +ay(x +y%) + B(x +3y) +yy,
2

Py a(3y* +x)(x — y?)
Hy=-2+pix —yp,ps +

+2By(x — y?) + %(x -,

4 4
with the quadratic Euler integral
2 2
K2:s+c:&+£+@
4 4 2

and with the cubic integral of motion

3 3p.(x +y?) — p, 6p,y — .
K3=ﬁ=&+a(p(x Y) = pyy)  BOPY = pY) vpx
4 8 8 8
The corresponding classical trajectory of motion is defined by

a(x —y?)? yx —3y%)
4 6 B
The same system may be obtained by using fifth substitution from (3.7) as well.

0.

F(x,y) = Hiy+ H, — +By(x —y*) +

Case 3. If we take the second solution from (3.7)
wj=q;,  vi=q, = pigi=Pla).  pa;=Pq)
and quartic

P(}) = —ar* — gﬁ +HAM +Hor+y

after canonical transformations (3.14) we will get the following superintegrable Stickel
system:

Hy = pipy+a(x +3y)Bx +y) +Bx +y) + Lz
x =y

Bx —y)* 2y(x+y)

Hy = (py — py))(peX — pyy) = 20(x + y)(x — y)* — SE y2 :
2 (x =y
Using the Euler addition theorem (2.5) we can get the Euler integral
v+ Dy)?
Ky=s5+c= %+a(x+y)2+§(x+y),

the cubic in momenta integral of motion

Ky = /5 = (px — py;l(px +py) ol —y)(pGx + :y) — Bx+5y)py)
_ B(px — p_v)(x -y _ y(px+ py)
16 8(x — y)?
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and the equation for the classical trajectory of motion

By —y)?
2
This superintegrable system coincides with that of the Drach systems associated with the

logarithmic angle variables [15].
The same system may be obtained by using fourth substitution from (3.7).

2
F()c,y)z<yz+x2+%>H1+()c+y)H2—oz(x—y)4 +y =0.

Case 4. If we take the third solution from (3.7)
wj=%l  v=%¢ = pi=X')  m=Y(-4a)
and quartic

P =ar* — B3+ A2+ Hid —y,

then after the canonical transformation

X = Jaig = 2 +qap2 y= =@ by = V0192(P191 — q2p2)
- 1 27 - —1 - —’ - 9
! NaTD N g ql+q2

we will get the following superintegrable Stickel system:

ay B
Hy = pipy+ —5 + 5 +yxy,
X3 x

X — 2 241
H22p2+(px ypy)” aly )_ﬂ_y+yx2_
Y 4 x? x
Using the Euler addition theorem (2.10) one gets additional quadratic in momenta Euler
integral
_ 2 2
Ky — s o PEIP @’ By
16 4x2  4x

the cubic integral of motion

2
K = \/— _ py(pxx - ypy) + 05(3_)7[7) +pr) + @ + y(pxx — ypy)xZ
8 8x? 4x 8
and the following equation for classical trajectory of motion,

Hy | H(*-=2) o By

F(x,y) =— = 2
(x, ) 2x 6x2 x4 2x3

Case 5. Using the same third solution (3.7) and another quartic
P(L) = 4ar* + 4823 + Ho)2 + 2y 1 + H,

after the following change of variables,

Q92 Pigi +q2p> ai + 43 0192(Prq1 — q2p2)
x=—, =, y=-_—" by = 2_ 2 ’
2 q9192 2q19> 91 — 92
we can get a more complicated superintegrable system with the Stéckel integrals of motion,

_ o B V4
Hy = pepy+ 2t By =1 + X2y =1

4oy 282y —1) 2yx1/?
x 12 y=1 JSy—-1

Hy = (xpx — py — pyY)(xpx + py — pyy) —

8
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The Euler integral of motion is equal to

(pex+py—pyy)’  ay=1D  BJy—1
4 x Jxo

Kr=s+c=

the cubic in momenta integral reads as

Ky = V= D@t by = pyy)? 20y = Dpy  (pex = 3pyy +3py)

2 X B 2x12/y —1
_ yx'P(pex +py = pyy)
2y —1

and the classical trajectory of motion is defined by the following equation:

+Hz(y—2)+01 ﬂJy—1+V«/y—l

6x x2 x3/2 x1/2

F(x,y) = H

3.2. The quadratic integrals of motion

It is easy to prove that the algebra of integrals of motion H; > and K is the quadratic Poisson
algebra because

o =2, Vi,
{Hy, Ky} =0 K3 =0+/S8(s), where o=-2, Vo, Va4, Vs,
o =4, Vs,
and
2 2
o ’ o 2
{Ho{H>, Ko)} = {Ha, 0V/S) = 75 = 7(125 —g) =®(H, H, K»), (3.16)

where ®(H;, H,, K») is the second-order polynomial such as s = K, — ¢ and g, is the
quadrivariant of the quartic (2.8). Other details on the quadratic Poisson algebras of integrals
of motion may be found in [4].

The search for the two-dimensional manifolds whose geodesics are curves which possess
two additional quadratic integrals of motion was initiated by Darboux [3], who found five
classes of the metrics. These metrics or “formes essentielles” are tabulated in “Tableau” by
Koenigs [10] and in [8].

The superintegrable Darboux—Koenigs systems have a generic conformal Hamiltonian

pgp
= e Ve,
where the Darboux—Koenigs metric g is a metric on the Liouville surface [3, 4] if
g&.m=FE+mM+GE—n, and K> =psz+pn2—2pspn§((§: Z)) + Q. n)
or metric g is a metric on the Lie surface if
g&.m =§Fm+Gm), and K> =P52—2P5Pnz((§:2)) + Q. n).

Superintegrable systems associated with the Liouville surfaces are separable in the two
different orthogonal systems of coordinates. This means that two pairs of integrals of motion
(Hy, Hy) and (H}, K») take on the Stickel form (3.3) after some different point transformations
(3.8).
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For the superintegrable systems associated with the Lie surfaces only one pair of integrals
(H,, Hy) may be reduced to the Stickel form (3.3), whereas the second pair of integrals
(H;, K3) is not separable in the class of the point transformations (3.8).

It is easy to prove that two systems with potentials V| and V, are defined on the Lie
surfaces. The remaining systems with potentials V3, V4 and Vs are defined on the Liouville
surfaces. The second separated variables g , for integrals of motion H;, K, may be found by
using the software proposed in [7]:

~2 ~2 ~ ~
- +
_ qi Ch’ y= q1 6]2’ for Vs
A .4
X =qq; ", Yy = q2q7, for Vi, Vs.

It is easy to prove that the corresponding separated relations ﬁ? = P(q;) define two different
zero-genus hyperelliptic curves and lead to logarithmic angle variables [15]. Thus, for these
three Euler superintegrable systems there are two different addition theorems: addition theorem
for elliptic functions (2.10) and addition theorem for logarithms Inx + Iny = Inxy. So,
multiseparability of the superintegrable systems may be associated with occurrence of the
different addition theorems for a given superintegrable Hamiltonian.

4. Conclusion

In fact, Euler proposed construction of the algebraic integrals of motion for the equations
K1 dx 1 K> dX2

VPx1)  VP(x)

where «’s are integer. We discuss the Euler construction of the algebraic integrals of motion
for the superintegrable systems at 1, = =1 only. It will be interesting to classify the
corresponding superintegrable systems for other values of «’s, because the corresponding
additional integrals of motion will be higher order polynomials in momenta, see [15].

Another perspective consists of the substitution of the generic Darboux metrics into
equations (3.9) and classification of the corresponding Euler superintegrable systems on the
Darboux spaces. It requires slightly more complicated calculations.
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